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NON-FORMALITY OF THE SWISS-CHEESE OPERAD
MURIEL LIVERNET
Abstract. In this note, we prove that the Swiss-cheese operad is not formal. We also give a
criteria in terms of Massey operadic product for the non-formality of a topological operad.
Introduction
The question of formality finds its roots in rational homotopy theory. In [12], D. Sullivan proves
that the rational homotopy type of a space is entirely determined by a commutative differential
graded algebra. The space is formal if this algebra is quasi-isomorphic to its homology, that is, if
the rational homotopy type of the space is entirely determined by its cohomology ring. This notion
has been applied with great success in [2], where the authors prove that the real homotopy type of
a simply connected compact Ka¨hler manifold is entirely determined by its cohomology ring. The
question of non-formality has its own interest, in particular in the study of symplectic manifolds.
In such cases, one can ask whether a symplectic manifold admits a Ka¨hler structure or not. A
symplectic manifold which is not formal is certainly not a Ka¨hler manifold (see e.g. [4]).
More generally, formality is closely related to deformation of structures. And structures are ruled
by operads. One of the most famous topological operad is the little d-discs operad of Boardman and
Vogt [1], recognizing iterated loop spaces (see [11]). An operad is formal if its singular chain complex
is an operad quasi-isomorphic to its homology operad. Algebras over the homology operad of the
d-little discs operad are d-Gerstenhaber algebras. In [8], M. Kontsevich lays the groundwork for
the formality of the little d-discs operad and its applications (see the introduction of Giansiracusa
and Salvatore in [5] for a history of the proof of the formality of the little d-discs operad). The
Swiss-cheese operad appears in the work of Voronov in [14] and Kontsevich in [8] as a tool to handle
actions between d-Gerstenhaber algebras and (d−1)-Gerstenhaber algebras and their deformations.
In this note, we prove that the Swiss-cheese operad SCd is not formal for any d ≥ 2. Let us
comment some related results. For d = 2, Dolgushev studies in [3] the first sheet of the homology
spectral sequence for the Fulton-MacPherson version of the Swiss-cheese operad and proves that it
is not formal. However, this does not imply the non-formality of SC2, because we proved with E.
Hoefel in [7] that the homology spectral sequence, though collapsing at page 2, does not converge
as an operad, to the homology operad of SC2. Lambrechts and Volic study the inclusion of the
little n-discs operad into the little m-discs operad and prove in [10], that the inclusion is formal for
m > 2n. Turchin and Willwacher show in [13] that this inclusion is not formal if m = n+ 1. Their
proof is based on Kontsevich’s graph complex. There might be a link between the deformations of
the aforementioned inclusion and the deformations of the Swiss-cheese operad, but this is not clear.
If there is, the technics involved in our paper are much simpler because they only use basic algebraic
topology. Indeed, we prove the non-formality by building non-vanishing Massey operadic products.
The first three sections of the note focus on the 2-dimensional Swiss-cheese operad, whereas the
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fourth section treats the d-dimensional case. The last section is of independent interest and gives
a criteria for non-formality of a topological operad using Massey operadic products.
1. The two-dimensional Swiss-cheese operad
The Swiss-cheese operad is a two-colored operad that has been defined by Voronov in [14]. There
is another version of the Swiss-cheese operad given by Kontsevich in [8]. The homology of these
two topological colored operad has been studied by Hoefel and the author in [6] and [7]. In this
note, we consider the Kontsevich version of the Swiss-cheese operad denoted by SC as in [7]. It is
a two-colored topological operad, whose colors are the closed color c and the open color o.
The topological space SC(x1, . . . , xk; c) is the empty space if k = 0 or if ∃i, xi = o and the ordered
configuration space of k nonoverlapping discs in the unit disc in the plane otherwise.
For a k-tuple (x1, . . . , xk) ∈ {o, c}k, let n (resp. m) be the number of xi’s such that xi = c (resp.
xi = o). The topological space SC(x1, . . . , xk; o) is the empty space if k = 0 and otherwise the
ordered configuration space of nonoverlapping n discs and m semidiscs in the unit upper semidisc
in the plane, the semidiscs being centered on the real line. With our convention m can be zero,
that is, we allow operations having only closed inputs and an open output.
Any colored operad comes equipped with an action of the symmetric groups, that is, if P is an
I-colored operad, there is an isomorphism ψσ : P(x1, . . . , xn; y) → P(xσ(1), . . . , xσ(n); y), for every
σ ∈ Sn, x1, . . . , xn, y ∈ I. In the sequel we use the notation ψσ(p) = p · σ.
The topological space obtained from SC by considering the n first inputs of color c, the last m
inputs of color o with the output of color x ∈ {o, c} is denoted by SC(n,m;x). As pointed out
above, the other spaces describing SC are obtained using the action of the symmetric group. For
instance SC(o, c; o) = SC(1, 1; o) · (21) where (21) denotes the transposition in the symmetric group
of two variables.
1.1. The homology of the operad SC. We work over a field k. We recall that the singular
chain complex over k of a topological operad is an operad in the category of differential graded
k-vector spaces (or dg operad for short). The singular chain complex of SC is denoted by Csc and
its homology is denoted by sc.
We recall from [7, Proposition 3.2.1] that algebras over the operad sc are triples (G,A, h) where
G is a Gerstenhaber algebra, A is an associative algebra and h : G → A is a central morphism of
associative algebras.
1.2. Notation for the generators of sc. We use the same notation as in [7, Corollary 3.2.2]. The
operad sc is an operad generated by f2 ∈ sc(2, 0; c)0, g2 ∈ sc(2, 0; c)1, e0,2 ∈ sc(0, 2; o)0 and e1,0 ∈
sc(1, 0; o)0. The operation f2 is the commutative product and the operation g2 is the Lie product
governing the Gerstenhaber structure. The operation e0,2 is the associative product governing the
associative structure, and the operation e1,0 is the one governing the central morphism.
1.3. Notation for operadic composition. Given a {c, o}-colored operad P and α ∈ P(n,m;x)
and β ∈ P(r, s; o) the notation α ◦oi β holds for the element obtained by inserting β at the i-th open
input of α. If β ∈ P(r, s; c), then α ◦cj β is the element obtained by inserting β at the j-th closed
input of α. Note that α ◦oi β ∈ P(c, . . . , c︸ ︷︷ ︸
n times
, o, . . . , o︸ ︷︷ ︸
i−1 times
, c, . . . , c︸ ︷︷ ︸
r times
, o, . . . , o︸ ︷︷ ︸
s+m−i times
;x).
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2. The singular chain complex of the two-dimensional Swiss-cheese operad
In this section, we describe specific elements in the singular chain complex Csc of the Swiss-cheese
operad. For a cycle x in a chain complex C, its image in H∗(C) is denoted by [x].
Let a ∈ SC(0, 2; o) be the configuration of the two semidiscs of radius 12 whose center have
respectively coordinates (−12 , 0) and (12 , 0). We denote also by a the corresponding element in
Csc(0, 2; o)0. Let f ∈ SC(1, 0; o) be the configuration of the disc of radius 12 whose center has
coordinates (0, 12), also seen as an element in Csc(1, 0; o)0.
-
a ∈ SC(0, 2; o) f ∈ SC(1, 0; o)
Let η1 ∈ Csc(1, 1; o)1 be the path in SC(1, 1; o) from a◦o1 f to (a◦o2 f) ·(21) such that the center of
the left disc runs along the circle of radius 12 centered at (0,
1
4) and the center of the right semidisc
runs along the real line from the point of coordinates (12 , 0) to the point of coordinates (−12 , 0) as
presented in the following picture:
The path η1 satisfies
(2.1) ∂η1 = (a ◦o2 f) · (21)− a ◦o1 f.
Let l be the following loop in Csc(2, 0; c)1:
The loop l
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The chains a, f, l are cycles. The two dimensional vector space sc(0, 2; o)0 is a free S2-module
generated by [a]. The one dimensional vector spaces sc(1, 0; o)0 and sc(2, 0; c)1 are spanned respec-
tively by [f ] and [l]. Moreover [f ◦c1 l] = [f ] ◦c1 [l] spans sc(2, 0; o)1.
The composite of the paths η1 ◦o1 f and (η1 ◦o1 f) · (21) is a loop homotopic to the loop f ◦c1 l,
hence [η1 ◦o1 f + (η1 ◦o1 f) · (21)] = [f ◦c1 l] and there exists η2 ∈ Csc(2, 0; o)2 such that
(2.2) ∂η2 = η1 ◦o1 f + (η1 ◦o1 f) · (21)− f ◦c1 l.
This relation is dubbed the Eye Law in [6], a consequence of the eye shape of the compactification
of the space of configurations of two points in the upper half plane obtained by Kontsevich in [9].
Proposition 2.1. If a′ ∈ Csc(0, 2; o)0, f ′ ∈ Csc(1, 0; o)0 and l′ ∈ Csc(2, 0; c)1 satisfy [a′] =
[a], [f ′] = [f ] and [l′] = [l], then there exist η′1 ∈ Csc(1, 1; o)1 and η′2 ∈ Csc(2, 0; o)2 such that
(2.1)′ ∂η′1 = (a′ ◦o2 f ′) · (21)− a′ ◦o1 f ′,
(2.2)′ ∂η′2 = η′1 ◦o1 f ′ + (η′1 ◦o1 f ′) · (21)− f ′ ◦c1 l′.
Proof. There exist a1, f1, l2 such that a
′ = a+ ∂a1, f ′ = f + ∂f1 and l′ = l + ∂l2. The elements
η′1 =η1 + (a ◦o2 f1) · (21)− a ◦o1 f1 + (a1 ◦o2 f ′) · (21)− a1 ◦o1 f ′,
η′2 =η2 − f ◦c1 l2 − f1 ◦c1 l′ − (η1 ◦o1 f1 + a(f1, f1)) · (id + (21)),
satisfy the prescribed relations. 
3. Non-formality of the two-dimensional Swiss-cheese operad SC
Theorem 3.1. The two-dimensional Swiss-cheese operad is not formal.
Proof. We will assume by contradiction that there is a dg operad P together with a zig-zag of
operad quasi-isomorphisms
P
γ
}}
ψ
  
Csc sc
Because H∗(γ) is an isomorphism, there are cycles aP , fP , lP ∈ P such that [γ(xP)] = [x],∀x ∈
{a, f, l}. There exist a′, f ′, l′ as in Proposition 2.1 such that γ(xP) = x′,∀x ∈ {a, f, l}. By Relation
(2.1)
H∗(γ)(([aP ] ◦o2 [fP ]) · (21)− [aP ] ◦o1 [fP ]) = 0,
and there exists ηP1 ∈ P(1, 1; o)1 such that
(3.1) ∂ηP1 = (a
P ◦o2 fP) · (21)− aP ◦o1 fP .
Applying γ and Proposition 2.1 we have
∂γ(ηP1 ) = γ(∂η
P
1 ) = (a
′ ◦o2 f ′) · (21)− a′ ◦o1 f ′ = ∂η′1.
Since sc(1, 1; o) is concentrated in degree 0, there exists x2 ∈ Csc(1, 1; o)2 such that
∂x2 = γ(η
P
1 )− η′1.
The following relation is a consequence of Relation (3.1) and the operadic relations in P:
∂(ηP1 ◦o1 fP + (ηP1 ◦o1 fP) · (21)) = 0 ∈ P(2, 0; o)0.
The homology group sc(2, 0; o)1 is one-dimensional, spanned by [f ◦c1 l] = [f ′ ◦c1 l′]. It implies that
H1(P(2, 0; o)) is spanned by [fP ◦c1 lP ] and that there exists ηP2 ∈ P(2, 0; o)2 and λ ∈ k such that
(3.2) ηP1 ◦o1 fP + (ηP1 ◦o1 fP) · (21) = λ(fP ◦c1 lP) + ∂ηP2 .
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Applying γ to the above relation gives
(η′1 + ∂x2) ◦o1 f ′ + ((η′1 + ∂x2) ◦o1 f ′) · (21) = λ(f ′ ◦c1 l′) + ∂γ(ηP2 ),
which, together with Relation (2.2’) gives
η′1 ◦o1 f ′ + (η′1 ◦o1 f ′) · (21) = λ(f ′ ◦c1 l′) + ∂x′2 = f ′ ◦c1 l′ + ∂η′2.
The homology class [f ′ ◦c1 l′] spans sc(2, 0; o)1, so λ = 1.
For degree reasons ψ(ηP1 ) = 0 = ψ(ηP2 ). Since ψ is a quasi-isomorphism of operads, there exist
λf , λl ∈ k∗ such that ψ(fP) = λfe1,0 and ψ(lP) = λlg2. Applying ψ to Relation (3.2) gives
λλfλl e1,0 ◦c1 g2 = 0,
a contradiction. 
4. Non-formality of the Swiss-cheese operad
In this section we consider the d-dimensional Swiss-cheese operad SCd where d ≥ 3. The proof
of the non-formality of SCd is similar to the case d = 2, but there are some differences. First of
all, we will consider in this section a field k of characteristic different from 2. Note that in case the
field is of characteristic 2, then the operad SCd is not formal because SCd(c, c; c) is not formal as
an S2-module.
4.1. Notation. The ambient space is Rd, the sphere Sd−1 is the subspace of Rd of points of norm
1. The sphere of dimension d− 2 is seen as the following subspace of Sd−1 ⊂ Rd:
Sd−2 = {x = (x1, . . . , xd) ∈ Sd−1|xd = 0}.
The ball of dimension d− 1 is identified with the subspace of Sd−1
Dd−1 = {x = (x1, . . . , xd) ∈ Sd−1|xd ≥ 0}.
For x ∈ Rd and r > 0, the (open) ball centered at x of radius r is denoted by B(x; r). If xd = 0,
the semiball centered at x of radius r is
B+(x; r) = {y ∈ Rd|||y − x|| < r, yd > 0}.
We will use the notation P 1
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for the point of coordinates (0, . . . , 0, 14).
Let ri be the reflection in the hyperplane Hi = {x ∈ Rd|xi = 0) and let Rd−1 be the composite
of the d − 1 reflections r1, . . . , rd−1. For a point x ∈ Rd we denote by x · ri the image of x by the
reflection ri.
4.2. The d-dimensional Swiss-cheese operad. Similar to the case d = 2, the topological space
SCd(n,m; c) is the empty space if m > 0 or n = 0 and the configuration space of n nonoverlapping
balls in the unit ball in Rd otherwise. The topological space SCd(n,m; o) is the empty space if
n = m = 0 and otherwise the configuration space of nonoverlapping n balls and m semiballs in the
unit semiball B+(0; 1) in Rd.
4.3. The singular chain complex of the d-dimensional Swiss-cheese operad. In this sec-
tion, as in section 2, we provide specific elements in the singular chain complex Cscd of the d-
dimensional Swiss-cheese operad. Although the technics used are similar to the case d = 2, there
is a main difference that we explain now.
The spaces SCd(1, 0; o) and SCd(1, 1; o) are contractible. The space SCd(0, 2; o) is homotopy
equivalent to Sd−2 and the spaces SCd(2, 0; c) and SCd(2, 0; o) are homotopy equivalent to Sd−1.
An algebra over the operad scd is a triple (G1, G2, h) where G1 is a d-Gerstenhaber algebra, G2
is a (d − 1)-Gerstenhaber algebra and h : G1 → G2 is a map of commutative algebras, such that
[h(a), b]d−1 = 0, ∀a ∈ G1, b ∈ G2. Recall that for d ≥ 2, a d-Gerstenhaber algebra is a vector space
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endowed with a commutative product and a Lie bracket of degree d− 1 which is a derivation with
respect to the product.
For d = 2, algebras over sc are triples (G,A, h) where A is an associative algebra and h : G→ A
is a central morphism. We should interpret the notion of central morphism as [h(a), b] = 0, where
the bracket is the one obtained by antisymmetrizing the associative product.
The main diference between the cases d = 2 and d > 2 is based on the above remark. In this
section, we will pick a generator of the bracket [−,−]d−1 instead of picking a generator of the
associative product (compare Relations (2.1) and (4.1)).
Proposition 4.1. There exist cycles f ∈ Cscd(1, 0; o)0, a ∈ Cscd(0, 2; o)d−2 and l ∈ Cscd(2, 0; c)d−1
such that [a], [f ] and [l] span their respective homology groups, and such that a · (21) = (−1)d−1a
and l · (21) = (−1)dl. There exist η ∈ Cscd(1, 1; o)d−1 and ν ∈ Csc(2, 0; o)d satisfying
∂η = a ◦o1 f,(4.1)
∂ν = η ◦o1 f − (−1)d−1(η ◦o1 f) · (21)− f ◦c1 l.(4.2)
Proof. The proof is divided into four steps.
i) Construction of f and l. The space SCd(1, 0; o) is contractible and f denotes either the configu-
ration B((0, . . . , 0, 12);
1
2) in B
+(0; 1) or the associated 0-singular chain.
The space SCd(2, 0; c) is homotopy equivalent to Sd−1. Thus, there is a cycle l˜ ∈ Cscd(2, 0; c)d−1
such that [l˜] spans scd(2, 0; c)d−1. The action of the symmetric group corresponds to the antipodal
map, so [l˜ · (21)] = (−1)d[l˜]. Replacing l˜ by l = 12(l˜ + (−1)d l˜ · (21)) gives a cycle satisfying the
required conditions. Note that [f ◦c1 l] spans scd(2, 0; o)d−1.
ii) Construction of a. The space SCd(0, 2; o) is homotopy equivalent to Sd−2 and a homotopy
equivalence is given by the map
pio : SCd(0, 2; o) → Sd−2
{B+(x; r), B+(y; s)} 7→ (x−y)||x−y||
The map
ϕo : S
d−2 → SCd(0, 2; o)
x 7→ {B+(x2 ; 12), B+(−x2 ; 12)}
is a homeomorphism onto its image. The composition pioϕo is the identity, hence ϕo induces a quasi-
isomorphism between the singular chain complexes. Let ed−2 be a singular chain such that [ed−2]
is a generator of Hd−2(Sd−2) and let a = ϕo(ed−2). The homology class [a] spans scd(0, 2; o)d−2.
The action of the antipodal map on Sd−2 corresponds to the action of the symmetric group on
SCd(0, 2; o) via the map ϕo, hence we can choose ed−2 so that a · (21) = (−1)d−1a.
iii) Construction of η. The composition
ϕo ◦o1 f : Sd−2 → SCd(1, 1; o)
x 7→ {B(x2 + P 14 ;
1
4), B
+(−x2 ; 12)}
is a homeomorphism onto its image Yo. Thus the homology class [a ◦o1 f ] spans Hd−2(Yo). The map
ϕo ◦o1 f has a lifting
ψo : D
d−1 → SCd(1, 1; o)
x = (x1, . . . , xd−1, xd ≥ 0) 7→ {B(x2 + P 14 ;
1
4), B
+((−x12 , . . . ,−xd−12 , 0); 12)}
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and the following diagram is commutative
Hd−1(Dd−1, Sd−2)
∂ //
Hd−1(ψo)

Hd−2(Sd−2)
Hd−2(ϕo◦o1f)

Hd−1(SCd(1, 1; o), Yo)
∂
// Hd−2(Yo)
The horizontal maps are pieces of the homology long exact sequence associated to a pair of spaces
and since Dd−1 and SCd(1, 1; o) are contractible they are isomorphisms. The map ϕo ◦o1 f is a
homeomorphism from Sd−2 to Yo hence Hd−2(ϕo ◦o1 f) is an isomorphism. As a consequence, the
left map in the diagram is an isomorphism. If ud−1 ∈ Cd−1(Dd−1) is such that [∂(ud−1)] = [ed−2]
in Hd−2(Sd−2), then [∂ψo(ud−1)] = [a ◦o1 f ]. As a conclusion, there exists ηd−1 = ψo(ud−1) ∈
Cscd(1, 1; o)d−1 such that
[∂ηd−1] = [a ◦o1 f ],
and there exists xd−1 ∈ Cd−1(Yo) such that ∂ηd−1 − ∂xd−1 = a ◦o1 f . Hence the element η =
ηd−1 − xd−1 satisfies Relation (4.1).
iv) Proof of Relation (4.2). Consider the composition
ψo ◦o1 f : Dd−1 → SCd(2, 0; o)
x 7→ {B(x2 + P 14 ;
1
4), B((−x12 , . . . ,−xd−12 , 14); 14)}.
Its restriction to Sd−2 is the map
ϕo(f, f) : S
d−2 → SCd(2, 0; o)
x 7→ {B(x2 + P 14 ;
1
4), B(−x2 + P 14 ;
1
4)}.
Recall that Rd−1 denotes the composite of the d− 1 reflections r1, . . . , rd−1. Note that
(4.3) ϕo(f, f) · (21) ·Rd−1 = ϕo(f, f).
The projection
pic : SCd(2, 0; o) → Sd−1
{B(x; r), B(y; s)} 7→ (x−y)||x−y||
is a homotopy equivalence, and we denote by J+ : Dd−1 → Sd−1 the composite pic · (ψo ◦o1 f). The
embedding J+ maps x = (x1, . . . , xd−1, xd ≥ 0) to x′||x′|| , where x′ = (x1, . . . , xd−1, xd2 ), and
(4.4) pic · ((ψo ◦o1 f) · (21) ·Rd−1) = J+ · rd
Consider the element ud−1 ∈ Cd−1(Dd−1) defined in step iii). The homology class [J+(ud−1) −
(J+ · rd)(ud−1)] spans Hd−1(Sd−1). Thus, the homology class [ηd−1 ◦o1 f − (ηd−1 ◦o1 f) · (21) ·Rd−1]
spans scd(2, 0; o)d−1, which is also spanned by [f ◦c1 l]. Multiplying l by a scalar λ 6= 0 ∈ k, we can
assume
[ηd−1 ◦o1 f − (ηd−1 ◦o1 f) · (21) ·Rd−1] = [f ◦o1 l].
If x ∈ Cd−1(Yo), then x ◦o1 f − (x ◦o1 f) · (21) ·Rd−1 = 0 by Relation (4.3). As a consequence, since
η = ηd−1 − xd−1, with xd−1 ∈ Cd−1(Yo),
(4.5) [η ◦o1 f − (η ◦o1 f) · (21) ·Rd−1] = [f ◦o1 l].
In addition, Relation (4.1) and Equality a · (21) = (−1)d−1a imply
∂(η ◦o1 f − (−1)d−1(η ◦o1 f) · (21)) = a(f, f)− (−1)d−1a · (21)(f, f) = 0.
Hence η◦o1f−(−1)d−1(η◦o1f)·(21) is a cycle, and so is (η◦o1f)·(21)·Rd−1−(−1)d−1(η◦o1f)·(21). Let
A denote the homology class of the latter cycle. On the one hand, the space SC(2, 0; o) is invariant
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under the action of Rd−1, and the homology of this action is the multiplication by (−1)d−1, so that
A ·Rd−1 = (−1)d−1A. On the other hand,
A ·Rd−1 = [(η ◦o1 f) · (21)− (−1)d−1(η ◦o1 f) · (21) ·Rd−1] = (−1)dA.
As a conclusion 2A = 0, hence A = 0, because the field is of characteristic different from 2.
Together with Relation (4.5) it implies that
[η ◦o1 f − (−1)d−1(η ◦o1 f) · (21)] = [f ◦o1 l].
Hence there exists ν satisfying Relation (4.2). 
The next proposition is analogous to Proposition 2.1 which states that Relations (4.1) and (4.2)
do not depend on the generators.
Proposition 4.2. If a′ ∈ Csc(0, 2; o)d−2, f ′ ∈ Csc(1, 0; o)0 and l′ ∈ Csc(2, 0; c)d−1 are cycles
satisfying [a′] = [a], [f ′] = [f ] and [l′] = [l], then we can assume that a′ · (21) = (−1)d−1a′ and
l′ · (21) = (−1)dl′. Moreover, there exist η′ ∈ Csc(1, 1; o)d−1 and ν ′ ∈ Csc(2, 0; o)d such that
(4.1′) ∂η′ = (a′ ◦o1 f ′),
(4.2′) ∂ν ′ = η′ ◦o1 f ′ − (−1)d−1(η′ ◦o1 f ′) · (21)− f ′ ◦c1 l′.
Proof. Since the ground field k has characteristic different from 2, replacing a′ by 12(a
′+(−1)d−1a′ ·
(21)) and l′ by 12(l
′ + (−1)dl′ · (21)) gives the first assertion of the proposition.
There exist ad−1, f1, ld such that a′ = a + ∂ad−1, f ′ = f + ∂f1 and l′ = l + ∂ld, and using the
same trick, we can assume that ad−1 · (21) = (−1)d−1ad−1 and ld · (21) = (−1)dld. The elements
η′ =η + (ad−1 ◦o1 f ′) + (−1)d−2a ◦o1 f1,
ν ′ =ν − f1 ◦c1 l′ − f ◦c1 ld + (−1)d−1η ◦o1 f1 − η ◦o1 f1 · (21)− a(f1, f1),
satisfy the prescribed relations. 
Mimicking the proof of Theorem 3.1, we obtain the following theorem.
Theorem 4.3. The d-dimensional Swiss-cheese operad is not formal.
5. Massey operadic products and non-formality
In this section we show that the technics developped for proving the non-formality of the Swiss-
cheese operad can be generalized to give a criteria for non-formality of a topological operad. This
criteria is similar in spirit to the one applied in [4, Section 3]. For clarity of exposition we only
treat the uncolored case.
For C a topological operad, we denote by C(C) its singular chain complex and by H(C) its
homology. We say that C is formal if there exists a dg operad P together with a zig-zag of operad
quasi-isomorphisms
P
γ
}}
ψ
""
C(C) H(C)
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5.1. Massey operadic products. Let P be a dg operad. Let a, b, c be cycles in P having respec-
tively arity p, q, r. If there exist x, y ∈ P such that dx = a ◦i b and dy = b ◦j c, then
M = x ◦i+j−1 c− (−1)|a|a ◦i y
satisfies dM = 0. The class [M ] in H(P) is called a Massey operadic product of type I.
The proof of the following proposition follows the classical proof for triple Massey products.
Proposition 5.1. With the above notation, the set of Massey operadic products of type I de-
pends only on the classes [a], [b], [c]. This set is the coset [M ] + [a] ◦i H|b|+|c|+1(P)(q + r − 1) +
H|a|+|b|+1(P)(p+ q − 1) ◦i+j−1 [c], and is denoted 〈[a], [b], [c]〉I .
Similarly, if there exist u, v ∈ P such that du = a ◦i b and dv = a ◦j c with i < j, then
N = u ◦j+q−1 c− (−1)|b||c|v ◦i b
satisfies dN = 0. The class [N ] in H(P) is called a Massey operadic product of type II.
Proposition 5.2. With the above notation, the set of Massey operadic product of type II depends
only on the classes [a], [b], [c]. This set is the coset [N ] + H|a|+|b|+1(P)(p + q − 1) ◦j+q−1 [c] +
H|a|+|c|+1(P)(p+ r − 1) ◦i [b] and is denoted 〈[a], [b], [c]〉II .
Definition 5.3. In case of existing Massey products 〈[a], [b], [c]〉 of type I or II, if 0 does not
belong to 〈[a], [b], [c]〉 we say that P admits non-vanishing Massey operadic products.
The following proposition is straightforward.
Proposition 5.4. Let ϕ : P → Q be a morphism of dg operads. For 〈[a], [b], [c]〉 a Massey operadic
product of type I or II in P one has
ϕ∗(〈[a], [b], [c]〉) = 〈ϕ∗([a]), ϕ∗([b]), ϕ∗([c])〉.
If Q admits non-vanishing Massey operadic product so does P.
Corollary 5.5. Let C be a topological operad. If C(C) admits non-vanishing Massey operadic
products then C is not formal.
Proof. We assume by contradiction that there is a dg operad P together with a zig-zag of operad
quasi-isomorphisms
P
γ
}}
ψ
""
C(C) H(C)
Let us assume that C(C) admits a non-vanishing Massey operadic product 〈[a], [b], [c]〉I of type
I. Because γ is a quasi-isomorphism, there exists for every u ∈ {a, b, c} a cycle uP ∈ P such that
γ∗([uP ]) = [u]. Injectivity of γ∗ implies [aP ◦i bP ] = 0 = [bP ◦j cP ], hence there is a well defined
Massey operadic product 〈[aP ], [bP ], [cP ]〉I which is sent to 〈[a], [b], [c]〉I via γ∗. By Proposition 5.4,
0 6∈ 〈[aP ], [bP ], [cP ]〉I , hence P admits non-vanishing Massey operadic products. In H(C) however
all Massey operadic products vanish and
ψ∗(〈[aP ], [bP ], [cP ]〉I) = 〈ψ∗[aP ], ψ∗[bP ], ψ∗[cP ]〉I ⊂ H(C).
The surjectivity of ψ∗ implies that 0 ∈ 〈[aP ], [bP ], [cP ]〉I , a contradiction. The proof goes the same if
we assume that C(C) admits a non-vanishing Massey operadic product 〈[a], [b], [c]〉II of type II. 
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5.2. Conclusion. Proposition 4.2 consists in proving that 0 6∈ 〈a; f, f〉II . Indeed, since ∂η = a◦o1 f
and ∂((−1)d−1η · (21)) = (−1)d−1(a ◦o1 f) · (21) = a ◦o2 f , Propositon 4.2 shows that the class of
M = η ◦o1 f − (−1)d−1η · (21) ◦o1 f = η ◦o1 f − (−1)d−1η ◦o1 f · (21)
does not vanish because it is equal to [f ◦c1 l]. Moreover scd(c, o; o)d−1 = 0 implies that 〈a; f, f〉II =
[M ], so that 0 6∈ 〈a; f, f〉II . A colored version of Corollary 5.5 implies that the Swiss-cheese operad
is not formal.
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